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ABSTRACT 

Chemical and physical processes invo lved ' in the 
combust io n  of sol id refuse are examined and formu · 
lated with main emphas is o n  the t ime re qu ired for in
c inerat ion. Quant itat ive predict io ns of pyrolysis and 
bur ning t imes of refuse p ieces are prese nted ,  and 
equat ions are developed wh ich show how bur ning 
t ime is affected by temperature , pressure , oxyge n 
mole fraction, spec imen s ize and sh�pe , and relative 
ve locity betwee n the sol ids and the amb ie nt gas. 

INTRODUCTION 

The combustion  of sol id refuse involves heat 
and mass tra nsfer , pyrolys is of both sol id and gaseous 
mater ial , and both gas-phase and heteroge neous chem
ical reactions .  With regard to inc inerator des ign, the 
most important property of the overal l combust ion  
react ion  is probably the rate , s ince this quant ity dic
tates the s ize of the combust ion  chamber. Knowledge 
of other deta ils of the combust ion  react ion  is also 
necessary for des igning the sophisticated inc inerators 
dema nded by curre nt re qu ireme nts. The follow ing 
ana lys is cons iders the esse nt ia l  deta ils of the com
bustion of refuse , and develops some understand ing 
of the overa ll rate by ge nerating pred icted values of 
the t imes re qu ired for heat ing and burning under 
give n sets of co nd it io ns. The effects of temperature , 

pressure , specimen s ize and shape , oxyge n mole frac
t ion, a nd amb ie nt veloc ity are d iscussed .  

The refuse is assumed to  be co nverted to  gaseous 
combust ion products a nd an  inert sol id r es idue in a 
ser ies of steps including dry ing ,  pyro lys is ,  and com 
bust io n. Dry ing is assumed to occur before pyrolys is 
and combustion, a nd the t ime re qu ired for dry ing is 
not co ns idered in the fol low ing. Furthermore, py 
rolys is a nd combust io n  are treated as indepe nde nt 
processes , eve n though the combust ion of pyrolyz ing 
sol ids has bee n shown to be influe nced by the py
rolys is process [5] . Cons ideration  of th is part icu lar 
effect is not just ified here, s ince other, perhaps more 
important ,  aspects of refuse combustion  (e.g. , the ef
fect of a w ide var iety of mater ials) are not treated 
in such deta il ,  ow ing to the lack of informat ion  
about them. 

NOMENCLATURE 

A = fre quency factor , g-mo les/sq cm-sec 
Bi = Biot number, hro/ A s  
d = th ickness of flat plate and d iameter of sphere, 

cm 
D = coeffic ie nt of d iffus ion of oxyge n in amb ie nt 

gas, sq  cm/sec 
E = act ivat io n  e nergy, kcal/g-mole 
f = mole fract ion  of oxyge n in amb ient gas 
F = moles of sol id material bur ned per mole of 

oxyge n react ing 
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Fo = Fourier number, t/r� 
h = coefficient of heat transfer from ambient gas to 

surface of refuse specimen, cal/sq cm-sec-deg C 
k = reaction rate constant, g-moles/sq cm-sec 
kp = pyrolysis rate constant, I/sec 
kf = mass transfer coefficient for oxygen .flow to 

burning surface, g-moles/sq cm-sec 
K = ratio of burning time of solid sphere to the 

square of the initial sphere diameter, sec/sq cm 
Kl = a constant, cm-sec/g-mole 
K2 = a dimensionless function of U 
K3 = the stoichiometric ratio of the moles of oxygen 

required to burn unit volume of solid material, 
g-moles/cc 

� = a constant for combustion in air, sq cm-secl/2 / 
g-mole 

Ks = a constant for the carbon-oxygen reaction, 
sec/cm 

K6 = a constant for the carbon-oxygen reaction, 
sec/cm 

L = length of flat plate of refuse specimen, cm 
m = order of the temperature dependence of the 

relative velocity between solids and ambient 
gas 

M = molecular weight, gig-mole 
n = order of the pressure dependence of the' rela-

tive velocity between solids and ambient gas 
N = oxygen flux,reaching burning surface, g-moles/ 

sq cm-sec 
Nu = Nusselt number for heat transfer from ambient 

gas to surface of refuse specimen, hL/Ag for flat 
plates, and hdo/Ag for spheres 

P = absolute pressure, atm 
Pr = Prandtl number of ambient gas: ratio of kine

matic viscosity to thermal diffusivity 
r = half-thickness of a flat-plate, refuse specimen, 

or radius of spherical specimen, at any time 
during burnout, cm 

i = specific reaction rate, g-moles/sq cm-sec 
R = ideal gas constant, 82.05 cc-atm/g-mole-deg K 
� = specific burning rate, grams solid material/sq 

cm-sec 
Re = Reynolds number for flow of ambient gas past 

refuse specimen: VL/v for flat plates and 
Vd/v for spheres 

Reo = initial STP value of Re, V odo/vo 
Sc = Schmidt number of ambient gas: ratio of 

kinematic viscosity to thermal diffusivity 
t = time, sec 
tb = burning time, sec 
th = heating time, sec 
T = absolute temperature, deg K 
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U = a dimensionless, temperature-dependent func
tion of Reo 

V = relative velocity between refuse pieces and 
ambient gas, cm/sec 

x = distance from center of spherical specimens, 
and perpendicular distance from midplane of 
flat plates, cm 

y = integration variable 
z = integration variable 
a = thermal diffusivity of solid refuse, sq cm/sec 
1/ = steric factor for oxygen agsorption on carbon 
8 = fraction of active sites on carbon surface oc-

cupied by adsorbed oxygen 
A = thermal conductivity, cal/cm-deg Cosec 
v = kinematic viscosity of ambient gas, sq cm/sec 
p = density of solid material, g/cc 

Subscripts 
I = adsorption 
2 = desorption 
a . = in ambient gas (when on f); adsorption-

controlled burning (when on tb) 
c = carbon 
c.c. = chemically controlled burning 
d = desorption-controlled burning 
m.t. = mass-transfer controlled burning 
o = initial value (when on r,d, Re); at I-atm and 

o deg C (when on D,P,Re,T, V,v); oxygen 
(when on M) 

p = pyrolysis 
s = at solid surface (when on f); solid material 

(when on M,A,p) 

PYROLYSIS 

GENERAL DESCRIPTION 
Pyrolysis of carbonaceous materials, even those 

as simple in structure and composition as cellulose, 
includes many individual reactions, some of which are 
endothermic, bond-breaking, or cracking reactions, 
and others of which are exothermic, bond-forming 
reactions. In general, the cracking reactions occur as 
an early stage of pyrolysis and convert the original 
matertal into a new, sometimes plastic structure. 
These reactions generate gaseous products with a 
composition that varies from mainly CO2 and H20 
at first, to mainly hydrocarbons (tar, light oil, and 
fixed gases) in the later stages of pyrolysis. The bond
forming reactions are accompanied by solidification 
of plastic material to form char with the evolution of 
volatiles that become progressively hydrogen-rich as 
pyrolysis is carried to higher temperatures. The over
all pyrolysis reaction is generally endothermic. 



The extent of pyrolysis of a given material de
pends upon the temperature to which the material is 
heated and the time spent at that temperature . It is 
now genera lly believed that pyrolysis is fast enough 
to keep up w ith the heating process , Unless the rate 
of temperature rise is faster than some crit ical value 
which is pro bably around 1 04 deg C/sec6• Conse
quently , no time lag should exist between heating 
and pyrolysis in incinerators where the heating rate 
is probably less than 1 00 C/sec ,  and a piece of refuse 
may be regarded as having been pyrolyzed at a given 
temperature as soon as it has reached that tempera
ture . 

Pyrolysis is an activated process; therefore , the 
temperature dependence of the rate of pyrolysis may 
be expressed in terms of an activation energy in the 
standard form 

kp = Ap  exp (-E p/RT) ( 1 )  

where kp  i s  the pyrolysis rate constant , Ap i s  the 
frequency factor, E p  is the act ivation ener gy for 
pyrolysis, R is ideal gas constant , and T is the abso
lute temperature . However ,  the "pyrolysis " process 
observed in pract ice includes not only pyrolysis as 
descri bed in the foregoing, but also the processes of 
heat transfer from the surround ings to the decom 
posing mater ial and mass transfer of the pyrolysis 
products both out of the so lid specimen and into the 
surroundings . The rate of the overall process is the 
rate of practical interest . 

Some disagreement exists among different in
vestigators about the rate -controlling step of the over 
all pyrolysis process. For example , Pitt [9] and 
van Krevelen [1 6] support the proposition that the 
rate of of pyrolysis of bituminous coal is controlled 
by the decomposit ion of the material , whereas 
Berkowitz [1 ] argues that the rate is controlled by 
diffus ion of volatiles to the surface of the particle . 
Such disagreement probably results from differences 
in experimental conditions . The overall pyrolysis 
rate is known to depend upon properties of the 
system , such as particle size , heating rate, upper tem
perature attained , and the type of mater ial , but to 
account for variations in these quantit ies between 
different experiments is very difficult. Until suffic ient 
data are available , prediction of the pyrolysis rate for 
a given material , under a given set of conditions, re
quires judgment based on qualitative knowledge of 
the relative rates of the individual processes [4] . In 
general , if particle size is small enough, or if heating 
rate is slow enough so that significant pressure and 
temperature gradients are not established within the 
solid material , then the overall rate of pyrolysis is 
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Simply the rate of decomposition of the material; 
otherwise , the processes of heat and mass transfer 
influence the rate . 

TIME REQUIRED FOR PYROLYSIS 
In order to estimate the time required for the 

overall pyrolysis process , it is assumed that the over
a ll rate is equal to the rate of heating , thus implying 
that both the pyrolysis reaction and the flow of py
rolysis products out of and away from the particles 
are infinitely fast .  This assumption is based on the 
knowledge described in the foregoing that pyrolys is 
at a given temperature occurs instantaneously when 
the material reaches that temperature , and on the 
fact that most materials in refuse , such as paper , 
garbage , and wood, should heat internally at a slow 
enough rate , and should provide a low enough re
sistance to gas flow through their structure , so that 
the escape of volatiles out of the particle should not 
significantly influence the overall pyrolysis rate . 

The pieces of refuse are assumed 'to be plunged 
suddenly into a hot combustion chamber , maintained 
at a certain temperature which , for purposes of dis
cussion , is assumed to be 1 300 C (2375 F). The 
times required for the surface temperature , the cen
ter temperature , and the space-mean temperature of 
the pieces to r ise by 95 percent of the initial tem
perature difference between the refuse and the com 
bustion chamber are calculated .  These times serve 
as a measure of pyrolysis time . .  Heat transfer by 
radiation and by direct contact with hot particles al
ready in the chamber is neglected . 

The calculations are descri bed in Appendix A. 
The pyrolysis (heating) times are given in Figs. I and 
2 as a function of particle size and relat ive velocity 
between the pieces and the surroundings . Two dif
ferent shapes ,  thin slabs and spheres , are considered, 
but space -mean temperatures are given for sla bs only . 
With regard to heating times, these two shapes shou ld 
bracket the particle shapes found in practice . 

The part icle-size dependence of the pyrolysis 
time is very significant. With in the range of condi
tions studied here , the time varies approximately 
with the square of the dimension of the spec imen 
for both spheres and flat plates . For example , if the 
ambient veloc ity is I fps ,  the heating time for the 
center of a sphere drops from about 3 to a bout 0.5 
m in.  as the d iameter is reduced from 3/8 to 1 /8 in . 

The effect of ambient velocity is also significant. 
Relat ive velocities between the specimens and the sur
roundings of up to 1 00 fps are considered , even 
though such large values may be difficu lt to achieve 
in practice. The curves labeled 2 As/hdo = 0 repre-
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sent an infinitely large su rface heat-t ransfe r coef
ficient , which is equivalent to an infinitely large 
velocity of the ambient gas re lative to that of the 
particle . Un de r  such conditions, the surface of the 
specimen attains the tempe rature of the combustion 
chamber  imme diately upon ente ring the chambe r, 
and the rate of heating is dete rmined solely by the 
prope rties of the specimen . 

COMBUSTI ON 

GENERAL DESCRIPTION 
Although incine ration of solid refuse inclu des 

both gas-phase and hete rogeneous combustion , only 
heterogeneous combustion is conside re d  here ,  since 
we are mainly inte rested in the time requi red  for 
burning, and hete rogeneous combustion is , by far, 
the slowe r of the two processes .  The mate rial ex
pe riencing hete rogeneous combustion includes both 
soli d resi dues of pyrolyzed mate rial and non
pyrolyzing pieces. 

Ignition of the soli d pieces of refuse requi res 
that ce rtain conditions of temperatu re and oxygen 
concent ration be satisfie d  at the solid surfaces. If we 
visualize , for the purpose of discussion, a well-mixe d 
combustion chambe r containing a ce rtain concent ra
tion of oxygen, then the oxygen concent ration at the 
surface of an unignite d pyrolyzing particle is less than 
that in the ambient gas , owing to the outward flow of 
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FIG.2 HEATING TIMES OF FLAT PLATES: 
APPROXIMATE PYROLYSIS TIMES 

volatiles from the su rface . If pyrolysis (i .e . ,  heating) 
is fast enough , ignition may be delaye d, even though 
the su rface may be ve ry hot , until the su rface flux of 
vo latiles drops below a ce rtain c ritical value which 
depends heavily upon pa rticle size [5] . At the othe r 
ext reme, nonpyrolyzing pa rticles, such as tin cans 
and nails, can ignite as soon as the su rface attains a 
c ritica l temperatu re ,  which is p robably inversely 
relate d to the oxygen concent ration in the combus
tion chamber. For p resent pu rposes , we shall define 
the bu rning time of a piece of refuse as the time be
tween ignition and complete conversion to gaseous 
combustion p ro ducts and an inert soli d residue (ash), 
and we shall assume this time to be independent of 
the details of the ignition p rocess. 

Hete rogeneous combustion of refuse consists 
of the physical p rocesses of heat and mass t ransfer 
and the chemical p rocess of reaction between the 
soli d mate rial and the gaseous surroundings. The 
physical p rocesses are largely independent of the 
type of mate rial being burned and may be fo rmu
lated, even though the chemist ry of the combustion 
of some of the mate rials in refuse is unknown .  An 
exception to this statement is the case , such as the 
combustion of some metals, whe re the p ro ducts of 
combustion condense on the reacting su rface , thus 
forcing the oxygen to diffuse through an oxide shell. 
In such cases, knowledge of the p roperties of the 
oxide laye r  must be known, in o rde r to calculate 
burning times. 



The chem istry of heterogeneous combust ion 
depends upon the mater ia l  be ing burned. One or 
more reactions may be in volved, and parallel or se
quent ial steps, or both may occur. A large port ion 
of the sol id mater ial encountered in inc inerat ion is 
ma in ly carbon, whose react ion w ith oxygen is rela
t ively well understood. Converse ly, the chemistry 
of metal combust ion is not clear; for s impl ic ity, the 
reac tion is often assumed to be first -order in oxygen 
concentrat ion (7] . 

The chemistry of the combust ion of carbon 
with oxygen has been shown to agree well w ith a 
mechan ism involv ing two steps in ser ies [3]. The 
first step is adsorpt ion of oxygen on the carbon sur 
face ; the second step is desorpt ion of oxides of car
bon. Adsorption is first -order, and desorp tion is 
zero-order w ith respect to oxygen concentrat ion . 
The activat ion energy of adsorpt ion depends upon 
surface coverage and is generally low . At low sur 
face coverage (rap id desorp tion), the adsorpt ion 
act ivat ion energy corresponds to a temperature de
pendence sim ilar to that of heat and mass transfer 
[3]. Conversely, the act ivat ion energy of desorp
t ion is large ,  so that the temperature dependence of 
desorpt ion is very strong. The rates of these two 
steps are given in the foll Owing. 

Adsorpt ion rate : 

[I = kds{l-8) 

Desorpt ion rate : 

(2) 

(3) 

where fl and [2 are the spec ific rates of adsorpt ion 
and desorpt ion (g-moles carbon equ ivalent /sq cm-sec), 
kl and k2 are the rate constants for adsorpt ion and 
desorpt ion, fs is the mole fraction of oxygen at the 
so lid surface ,  and 8 is the fract ion of the act ive s ites 
on the carbon surface that is occup ied by adsorbed 
oxygen . 

At low temperatures, less than about 750 C 
{l 400 F) for the case of chemically controlled com
bust ion in a ir, the rate of the comb ined chemical 
steps of the carbon -oxygen react ion is completely 
controlled by the rate of desorpt ion. At h igh  tem
peratures, greater than about 1 1 50 C  (2 1 00 F) for the 
case of chem ically controlled combust ion in a ir ,  the 
rate is control led by adsorpt ion. In the trans it ion 
reg ion, both steps influence the rate . This behavior 
is illustrated in F ig. 3 ,  which g ives results obtained by 
fitt ing the data to Tu, Davis, and Hottel [1 5] w ith 
t he mechanism descr ibed in the forego ing. The tran
s it ion region between adsorpt ion and desorpt ion con-
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trol is seen to depend upon the concentrat ion of oxy
gen at the sol id surface, wh ich, in turn, depends not 
only upon the oxygen concentrat ion in the amb ient 
gas, but a lso upon the rate of mass transfer between 
the amb ient gas and the burn ing surface . 

The rate of transport of oxygen to the burning 
surface of a carbon spec imen is g iven as follows : 

Mass transfer rate : 

(4) 

where kf is the mass transfer coeffic ient, fa is the mole 
fraction of oxygen in the amb ient gas, and N is the 
molar flux of oxygen reach ing the surface . A s im ilar 
equat ion could be wr it ten descr ib ing convect ive hea t  
transfer from the specimens; however, considerat ion 
of heat transfer is avo ided in the present analys is by 
assuming that the sol ids and amb ient gas are at the 
same temperature dur ing burn ing. 

Thus, the rate of carbon combust ion is de
scr ibed in terms of three sequent ial steps. S ince the 
rates of these steps are all equal at steady state, an 
equat ion for the rate of the overall process is ob
ta ined from equat ions (2), (3) , and (4), by el iminat ing 
both the surface coverage and the part ial pressure of 
oxyge � at the reacting surface . The over all burn ing 
rate, Rs, is expressed in terms of the amb ient oxygen 
part ial pre ssure and the chemical and phys ica l rate 
constants as fo llows: 

',' 0.21 

T 
"'s 

" • 0.01 
1 10 

i i-----J'L_ .. 

x 

.!!l. ',' 0.001 
J 

0.1 

'.·toOll .... 'c)oOClf� .. 
61( __ "" 

,,·�C)Oo.,,"(oo.l_ 
·I'''W.'IQNI,,"CONI'_ �':::�_oOI"GeN 
',: 0.0001 

FIG.3 KINETICS OF CARBON·OXYGEN REACTION 



(5) 
The burning rate described by equation (5) 

is studied best by considering specific ,  limiting con 
ditions . Since the rate of the overall process is no 
faster than the rate of the slowest step , the rate
controlling step , under a given set of conditions, is 
identified by comparing the rate of the three indi
vidual steps . Information for such a comparison is 
given in Fig. 4. Mass transfer becomes more important 
as a rate limiting step as particle size increases; for a 
given set of conditions, there is a critical particle size 
above which mass transfer completely con tro Is the 
rate . For example , if we consider the combustion 
of car bon sphe "res in air at 1527 C (2780 F) with 
It relative velocity of 3.5 cm/sec (0.11 fps) between 
the sphere and air , then the burning rate is limited 
by mass transfer ,  if the sphere d iameter is iarger 
than about 3/8 in . Under the same conditions, the 
rate is adsorption controlled ,  if the particle size is 
less than about 0.01 in . 

Mo�t of the residues from refuse pyrolysis are 
probably porous. Under conditions where mass trans
fer is much faster than the chemical reaction , a non 
zero concentration of oxygen exists at the outer sur
face of a specimen , and oxygen may diffuse into and 
burn out the pores. The rate of pore combustion in
c reases as t he concentration of oxygen at the surface 
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increases , but the reaction on the superficial surface , 
plus the reaction in pores, can never exceed the rate 
of transport of oxygen to the specimen . In general , 
the importance of combustion in pores decreases as 
temperature increases , as total pressure increases , as 
particle size increases , and as the relative velocity 
between the specimen and the surroundings decreases . 

BURNING TIMES OF SOLID SPECIMENS 

Technique of Analysis. 
The technique , used for studying the time re

quired to burn pieces of refuse with air , is to con
sider simplified, limiting cases. Basically , two cate
gories of cases are considered : combustion of any 
solid material under such conditions that the rate is 
complete ly mass-transfer controlled , and combustion 
of carbon specimens under conditions where both 
chemical and mass transfer phenomena limit the 
burning rate . 

Burning Time of Any Solid Material with the Burning 
Rate Controlled by Mass Transfer. 

The case of mass-transfer controlled burning 
rate is realized when the solid pieces are so reactive 
that the chemical rate exerts negligible resistance to 
burning. Mass transfer through the gaseous sur
roundings of the solids is assumed to be the rate
limiting physical process , thus neglecting possible 
contri butions from accumulated oxide on the burn
ing surface . The results are valid ,  under conditions 
of mass-transfer control , whether the material is 
porous or nonporous , and for material of any com
position, provided the stoichiometry is accounted 
for properly. 

, The following equations , derived in Appendix 
B, give the mass -transfer controlled burning time 
(tb)m . t. of spheres of diameter, do , and sla bs of 
thickness, do , and length , L, as functions of known 
properties of the system . 

Sphere ; mass-transfer control : 

where Kl is a constant ,  K2 is a dimensionless func
tion of the relative velocity between the specimen 
and the ambient gas, K3 is a function of the combus
tion stoic hiometry , and To is 273 K. 

Flat plate ; mass-transfer cont rol : 

(tb)m . t. = [K3 K4(To/T)1I4 (L/vo) 1/2 ( l /fa)] do 
(7) 

where K4 is a constant for combustion in air , and 



Vo is the relative ve locity (at STP) between the 
specimen and the ambient gas . 

Burning Time of Solid Carbon Under Various Con
ditions of Rate Control. 

The equations given in the following, derived 
in Appendix B, give the burning times of ca rbon spe
cimens in air. When the burning rate is completely 
controlled by the adsorption of oxygen on the car
bon surface , the burning time �s : 

Carbon sphere or flat plate ; adsorption control: 

(tb)a = Ks (P.o/P) (I/fa) [ 1 /(To/T)1I2exp(-E l/RT)] d o  

(8) 

where Ks is a constant, P is absolute pressure (Po = 

1 atm), and El is the ac tiva tion energy of oxygen ad
sorption on carbon. 

I[ desorption controls the burni ng rate , the 
burning time is : 

Carbon sphere or flat plate ;  desorption control : 

where K6 is a constant ,  and E 2  is the activation 
energy of the desorption of combustion products 
(assumed to be CO2 ) from the carbon surface . 

When the burning rate is controlled jointly by 
adsorption and mass tr ansfer (i .e . ,  desorption infinite 
ly fas t); the burning time is found to be : 

Carbon sphere or fla t plate ; joint adsorp tion and 
mass -transfer control : 

(10) 

When adsorption is infinitely rapid relative to 
the .ra tes of desorption and mass transfer, the burning 
time is not given by the sum of the burning times pre
dicted for comple te desorption control and complete 
mass -transfer control as might be expec ted in view of 
the form of equation ( 10). The case of infini tely 
rapid adsorption differs from that of infinitely rapid 
desorption, because desorp tion , un like adsorption, is 
not coup led with mass transfer ,  since it is independent 
of the concentration of oxygen at the solid surface . 
Thus, when adsorption is infinitely fast , the burning 
time is given by 

Carbon sphere or flat plate ; desorption and 
mass-transfer control : 

tb = (tb)m .t. or (tb)d 

where (tb)m .t . , from equations (6) and (7), is used 
if mass transfer is slower than desorp tion , and (tb)d, 
equation (9), is used if desorption is s lower than 
mass transfer .  
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Test of Equations with Experimental Data. 
Few data exist for testing the foregoing equations. 

In the case of mass-transfer controlled burning, 
Essenhigh [2] finds that existing data on the burning 
times of coal and carbon particles are correlated by 
an equation of the form tb = Kd�, which is similar in 
form to equation (6). These data cover the size range 
0.05 to 0.4 cm, but pertinent information , such as 

temperature and ambient velocity , is missing. Never
theless , Essenhigh's estimated �alues of K range from 
330 to 2125 sec/sq cm for the different data . 

The expression for K obtained from equation 
(6) is 

Values of K predicted from this expression are very 
similar to the larger values in Essenhigh's summary . 
For example , if the particles are assumed to be burn
ing in air , with natural convection creating an ambi
ent velocity of 1 fps past the particle , and if the 
particle surface is assumed to be at 1400 C (2550 F), 
then K in equation (6) is found to be 2100 and 
2640 sec/sq cm for 0.05 and 0.4 cm particles, re
spectively . In order to predict K values near the 
lower limit of the experimental data , either ambient 
ve locity or temperature (or both), would have to be 
much higher than the foregoing values. Nevertheless, 
the agreement appears to be good enough to a llow 
equation (6) to be used with considerable confidence; 
and , by inference , equation (7) should also be usefu l 
for the case of flat-plates. 

Data on burning times of carbon particles under 
chemically controlled conditions appear to be limited 
to particle sizes less than abou t 0.005 or 0.01 cm , the 
reason being that , under the conditions of most e X
periments ,  the combustion of part icles l arger than 
about 0.01 cm is mass trans fer contro lled .  Howeve r, 
in spi te of the lack of data on burning time�, equa
tions (8) and (9) receive cQn $jder �bl e exper imental 
backing for two reasons: I) t he Idnet jc§ p:jra rrwte r& 
are evaluated with experimental dat a  (see Appe lld ix 
B); and 2) burning times predict ed from these equa
tions agree we ll with data from pulverized-coal flames 
operating under chemically controlled conditions. 

Calculated Burning Times. 
Burning times for mass -transfer contro lled con

ditions, calculated from equations (6) and (7), are 
presen ted in Fig. 5. Even though this figure applies 
specifical ly to a very limited set of conditions, it does 
demonstrate the influence of some of the important 
variables and shows the range of burning times to be 
expected .  
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FIG.5 BURNING TIMES OF SOLID SPECIMENS 

The times ,  s hown in Fig. 5 ,  are m inimum values , 
since ' c hemical resistance is ne glected .  T he e ffect o f  
chem ical resistance can be accounted fo r in the case 
of carbon combustion . For example , the combus
tion o f  a 2 -in . x 2 -in . x OJ-in . ca rbon plate in ai r at a 
tempe rature of 8 1 7  C (1 5 00 F ), and an ai r velocity 
of 1 fps (at STP, is controlled jointly b y  desorption 
and mass transfer. The re fo re ,  according to the earlie r 
discussion , the burning time is the la rge r o f  the two 
values predicted b y  assumin g a )  complete desorption 
control , and b )  complete mass-trans fe r  con trol . The 
times predicted b y  equations (7 ) (mass -transfe r  con 
trol ) and (9) (desorption control ) are 1 45 0  and 2 000 
sec , respectivel y. Hence , the burning time is 2 000 sec, 
which is about 3 .4 pe rcent large r  than that predicted 
by  Fig. 5 .  

A second example is the combustion of  a O . I -in . 
carbon sp he re in ai r at I-atm and 1 3 00 C (2370 F) 
with no ambient velocity past the particle . In this 
case , the burning rate is controlled jointly b y  adsorp 
tion and mass trans fe r; the re fo re ,  the burning time is 
given b y  equation ( 1 0). The separate contributions 
to burning time b y  adsorption and mass tran9fe r  are 
found to be 1 7 1  sec [from equation (8 )] and 2 1 0 
sec [from equation (6)] , respectivel y. The re fo re ,  the 
'burnin g time is 381  sec , which is 8 1  pe rcent larger 
than that given b y  Fi g. 5 .  

In the case o f  mate rials o f  unknown combus
tion characte ristics , the e ffect o f  chemical resistance 
cannot be accounted for, and the bu rning times ob
tained from mass transfe r  considerations se rve as 
limiting values .  
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CONCLUSIONS 

The following, somewhat qualitative , conclu
sions a re based on the predictions gene rated in this 
discussion and may be use ful in incinerato r design. 

TIME REQUIRED IN THE,COMBUSTION CHAMBER 

Assuming that dry re fuse particles a re in jected 
into a hot combustion c hambe r, the time required for 
pyrol ysis is app rox imately the time required for heat
ing, and the time required for combustion is the time 
requi r�d to burn the solid pieces o f  b oth nonpyro
l yzing materials and residues o f  p yrolyzing mate rials .  
The minimum time requi red for combustion i s  the 
burn in g  time unde r conditions o f  completely mass 
transfe r  controlled burning. Assuming that pieces o f  
refuse exhibit geometries ranging from spheres to 
flat plates and d imensions ranging from tin y particles 
up to about I /2-in . for c hunks and about 2 x 2 x 0.2-
in. for flat pieces, and that conditions in the combus
tion c hambe r give approximately mass-transfe r  con
trolled burning, then the p redicted heating and burn
ing times are �ch about,5 min . for the largest pieces, 
thus requiring a residence time in the combustion 
chamber of about 1 0  min . Since the total time re 
qui red for the smallest pieces approaches zero ,  a 
burner design ,  which permits prolonged residence 
times for large pieces , appears to be hi ghly desirable . 

SPECIMEN SIZE 
Specimen size , and there fore comminution , 

has a strikin g e ffect on residence time , s ince heatin g  
time i s  approximatel y proportional to the square o f  
specimen size , and burning time i s  p roportional to 
eithe r  the first or second powe r o f  size , depending 
upon the shape of  the specimen and the relative rates 
of mass transfe r and the chemical reactions. How
eve r, comminution is much more important for 
chunks than for flat pieces , since the thickness o f  a 
flat specimen is much more important than its lateral 
d imension in dete rminin g  heating and burnin g times ,  
and the thickness of flat pieces tends to remain con
stant during  comminution until the late ral dimen
sion approaches the thickness . Although this state
ment becomes less valid as the ambient velocity 
relative to the solids increases , it is p robably ap
proximately true for most all p ractical bu rne r de
signs owing to the di fficulty of  attaining la rge rela
tive velocities. The re fore , the answe r to the eco
nomic question of how far to carry comminution 
of the re fuse is probably almost independent of 
the flat pieces. 



TEMPERATURE 
In ge neral , increasing the temperature decreases 

the time required i n  t he combustion chamber, but t he 
effect is re latively small if t he chamber is hot enough 
in t he first place , so t hat t he burning rate is mass
transfer controlled .  At lower temperatures ,  w here 
the rate is controlled by chemical reactions, tempera
ture may be exceedi ngly important .  In extreme cases , 
where the temperature is low enough t hat desorptio n 
is rate -co ntrolli ng ,  a twofold decrease i n  t he bur ning 
time of carbonaceous specime ns can be ac hieved 
wit h  roughly a 40 C (70 F) increase in temperature . 
Conversely , if combustio n  is mass-transfer co n
trolled ,  t he same rise in  temperature reduces t he 
burning time by o nly about 1 perce nt. 

The temperature region at which tra nsitio n 
from stro ng to weak temperature depe nde nce oc
curs depe nds upon the conditions of the system. 
For example , i n  t he case of carbo naceous materials 
bur ning i n  air at a pressure of l -atm , transitio n for 
0.25 -i n-dia spheres and OJ-in-thick pl ates occurs 
near 900 C (1 650 F) a nd 875 C ( 1600 F), respective
ly. Under the same conditions ,  transitio n for OJ-in
dia -spheres and 0.05 -i n-t hick plates occurs near 950 C 
(1 750 F) and 9 1 0  C ( 1675 F), respectively . Owing to 
the depe nde nce of mass -transfer upo n particle size , 
rate co ntrol can shift from mass -transfer to c hemical 
during burnout of a specime n. 

PRESSURE 
If bur ni ng rate is mass-tra nsfer co ntrol Ied, both 

t he heating time and t he burning time are approxi
mately i ndepe nde nt of pressure. Under co nditions 
where chemical reactions i nflue nce t he burni ng rate , 
the effect of pressure depe nds upon  the order of t he 
combustion reaction w it h  respect to oxyge n. Burn
i ng times of carbonaceous specimens ra nge from being 
inversely proportional to pressure (adsorption co n
trol) to bei ng i ndepende nt of pressure (desorption 
control). O ther materials , such as metals , are also ex
pected to be se nsitive to pressure , if burni ng is not 
fast e nough to be mass-transfer co ntrol led.  

VELOCITY 
A high velocity of the ambient gas relative to t he 

solids is always desirable with  regard to decreasi ng 
heating time , a nd is also desirable wit h  regard to de
creasing bur ni ng time, u nless bur ni ng rate is c hemical
ly controlled. Since t he flow rate of gas through t he 
combustion chamber is fixed for a give n feed rate of 
refuse , and since t he relative motion between the 
solids and the gas is e nhanced by changes i n  t he mag
nitude and t he direction of t he ambient velocity , t he 
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implication is t hat burners, which ge nerate turbu
lence and swill , are desirable. 

OXYGEN MOLE FRACTION 
Since i ncreasing t he excess air i n  the combus

tio n c hamber lowers t he temperature and increases 
t he mole fraction  of oxyge n, a nd since temperature 
and oxyge n mo le fractio n have opposite effects on  
burning rate , k nowledge of  the effect o f  oxyge n 
mole fractio n is necessary i n  selecting t he ratio of 
air to refuse . 

Burni ng time is inversely proportional to t he 
mole fractio n of oxyge n in  t he ambie nt gas , unless 
t he burni ng rate is influe nced significantly by chem 
ical reactions t hat are not first -order i n  oxyge n. For 
example, the rate of the desorption step i n  the car
bon-oxyge n reaction is i ndepe nde nt of oxyge n 
conce ntratio n; t herefore , t he bur ni ng time of carbo n 
specimens is indepe nde nt of oxygen mole fraction if 
t he burni ng rate is desorption co ntrolled. However , 
completely desorptio n-contro lIed burning is probably 
of limited importance , owing to t he low temperatures 
at which it occurs . 
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APPENDIX A 

HEATING TIMES OF SOLID SPEC I MENS 

I NTRODUCTION 

The heating of dry pieces of solid refuse in an 
incinerator i s  a problem i n  unsteady state heat trans
fer which is complicated by both e ndothermic and 
exothermic pyrolysis reactions. The time required 
for heati ng is estimated in t he following a nalysis by 
co nsideri ng simplified,  but still meaningful , condi
tio ns. 

Energy absorptio n and liberation withi n  t he 
pieces of refuse is neglected. The error i ntroduced 
by this simplification is decreased by t he fact that 
the endothermic reactio ns ,  which are more e nergetic 
than  t he exothermic reactio ns ,  occur at a tempera
ture w hich is low i n  comparison with t hat of t he 
ambie nt gas , so that heat transfer to the e nergy
absorb ing zo ne wit hi n  a specime n te nds to be rapid. 

The pieces of refuse are assumed to be sudde n-
ly plunged i nto a hot chamber whose temperature re
mai ns consta nt .  This is , i n  effect , assuming well -m ixed ,  
steady co nditio ns in t he heati ng chamber. 

Heat transfer by radiation and by particle 
particle contact is neglected. The error t hus i ntro
duced depe nds on the design of t he i nci nerator. 
Furthermore , t he particles are assumed to be either 
thin, flat slabs or spheres ,  t he heati ng times of which 
should bracket the times for t he actual shapes .  

The heating time is defined as the time required 
for the temperature of a specime n to rise by 95 per
ce nt of t he i nitial temperature differe nce betwee n 
the specime n and t he surroundings. Each of t he fol 
lowi ng criteria of hot ness is employed :  surface , ce nter ,  
and in the case of flat plates, space-mean temperatures. 

The time defined i n  t he foregoing is given i n  
terms of t he Fourier number (Fo), which  i s  expressed 
as a fu nction of the i ndepe nde nt variables of t he 
system by using t he Nusselt number (Nu) and t he 
Biot number (Bi). Thus , we have 

Fo = f (Bi ,  Nu , x/d o) (1 1 )  

where do  is t he dime nsio n of t he specime n (sphere 
diameter or plate t hickness), a nd x is distance from 
the ce nter (sphere) or midplane (flat plate) of t he 
specime n to t he material w hose heating time is re 
ferred to i n  Fo. This relationship , represe nting t he 
solution of t he differe ntial equation describing t he 
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heat-transfer process, is give n i n  grap hical form i n  t he 
literature [8] . Therefore , for a give n specime n of 
known t hermal diffusivity , the heati ng time for ma
terial at a given position  withi n  a specime n is ob
tai ned by first calcu lating t he Biot and Nusselt 
numbers. 

CALCULATION OF NUSSEL T NUMBER 

The Nusselt number , which is a measure of t he 
rate of heat transfer from t he ambie nt gas to the sur
face of the specime n, is give n by Nu =hdo/ Agfor 
spheres and Nu = hL/ Ag for flat plates, where do  is 
t he sphere diameter, L is the plate le ngth, h is t he 
heat-transfer coefficie nt for co nvection from the 
ambie nt gas to t he surface of t he specimen, and 
Ag is t he t hermal conductivity of the ambie nt gas. 
The following semi-empirical relatio nships are 
known: 

For sp here [ 1 0] : 

Nu = 2 [ 1  + 0.3Re l/2Pr I /3 ] (1 2) 

For flat plate [ 1 1 ]  : 

( 1 3) 

Pr is t he Prandtl number of the ambient gas, and Re 
is Rey nolds number based o n  the relative velocity 
betwee n t he specime n a nd the ambie nt gas . Equa
tion ( 1 3) is limited to laminar flow over t he surface 
of t he slab, a condition which is expected to be satis
fied in  most all i ncinerators. 

Pra ndtl number ,  w hich is esse ntially inde
pe nde nt of both temperature and pressure , has a 
value of about 0.7 for air. Prl/3 is approximated by 
unity in  t his calculation. 

In calculating Rey nolds number, t he dime n
sio n  of t he specimen  is take n to be t he diameter of 
spheres and t he le ngt h of plates. The le ngth and 
width of t he plate are assumed to be much larger 
t han  t he t hickness , and t he plate is assumed to be 
orie nted with its le ngth parallel to t he velocity of t he 
ambie nt gas. Specific values of widt h are of no con
seque nce i n  t his calculation. The properties of t he 
ambie nt ga $ are assumed to be ide ntical to those of 
dry air. 



CALCULATION OF BlOT NUMBER 

The Biot number is a measure of the relative 
rates of surface and internal heat transfer and is 
given by Bi = hro/}"'s, where As is the thermal con
ductivity of the solid material, and r 0 is the radius 
of spheres and the half-thickness of flat plates. Bi is 
expressed in the following in terms of Nu. In the 
case of flat plates, the length has been assumed to 
be 1 0  times the thickness. 

For sphere: 

( 14)  

For flat plate: 

Bi = (I/20)Q..a/As) Nu ( 1 5 )  

The thermal conductivity of a wide range of 
carbonaceous materials, including various woods, 
plastics, rubber, and coal, is within the range 2.8 x 
1 0..A to 3 .8 X 1 0-4 cal/cm-deg Cosec [1 3 , 1 4] . It 
is assumed here that a value of 

As = 2 .5 X 1 0-4 cal/cmoC sec ( 0.06 BTU/hroF ft) 
is representative of solid refuse. Pieces of refuse with 
conductivities much higher than this, such as tin cans 
and nails, may be neglected in this calculation, since 
they exert little influence in determining heating 
time. 

Biot number is calculated using the values of 
Nu calculated in the foregoing and assuming the 
ambient gas to be air. 

CALCULATION OF FOURIER NUMBER 

The Fourier number is given by Fo = ath/r�, 
where a is the thermal diffusivity of the solid ma
terial, and th is the heating time. Fo is calculated 
using the values of Bi obtained in. the foregoing and 
graphs of equation ( 1 1 )  found in reference [8]. 

CALCULATION OF HEATING TIME 

The heating time of a specimen of given dimen
sion is obtained from the Fourier number and the 
thermal diffusivity of the material. This analysis uses 
the value ex = 1 .0 X 10-3 sq cm/sec (3.9 x 10-3 sq 
ft/hr) which should be appropriate for refuse, since 
it is approximately valid for coal, wood, and many 
other carbonaceous materials [1 3 ,1 4] . 

The extreme case, where surface heat transfer 
is infinitely faster than heat transfer within the 
specimen (Le., As/hro = 0), represents an upper 
limit to the heating rate obtained by increasing 
without bonds the relative velocity between the 
specimen and the ambient gas. Heating times for 
this case are found in a similar manner to that de
scribed in the foregoing. 

APPENDIX B 

DERIVATION OF BURNING TIME EQUATIONS 

INTRODUCTION 

As was done in the analysis of heating time 
in Appendix A, two extreme specimen geometries 
are considered here: flat plates and spheres. In the 
case of each geometry, the equations for burning time 
are derived for cases of complete mass-transfer con
trol and complete chemical control. 

FLAT PLATE: MASS-TRANSFER CONTROLLED 

BURNING RATE 

The plate is assumed to be oriented with its 
length parallel to the velocity of the ambient gas. 
Combustion of the edges of the specimen is assumed 
to be negligible with respect to both total burning 
rate and changes in the dimensions of the specimen. 
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The molar flux of oxygen reaching the burn
ing surface is 

N = kr(fa - fs) 

where kr is the mass transfer coefficient (g-moles/ 
sq cm-sec), and fa and fs are the mole fractions of 
oxygen in the ambient gas and at the solid surface. 
Owing to the assumption that burning rate is mass
transfer controlled, fs = O. Therefore, 

(1 6) 

For the case of laminar flow at the surface of the 
specimen, which will almost always be the case, kr 
is given by the following semi-empirical equation 
[12 ] : 

kr = 0.664 (PP/RTL) Rel/2 SCl/3 



where P is absolute pressure, D and Sc are the co
efficient of diffusion and Schmidt number for o�y
gen in the ambient gas, R is the ideal gas constant, 
and T is absolute temperature . 

The Schmidt number is essentially independ
ent of both temperature and pressure and has a value 
of about 0.9 for oxygen in air. Since the ambient 
gas of the refuse has properties similar to air, Se 1l3 is 
assumed to be unity . Therefore , 

by 

kf = 0 .644 (PD/RTL) Re 1l2 ( 1 7) 

The specific burning rate (g/sq cm-sec) is given 

( 1 8) 

where F is the moles of solid material consumed per 
mole of oxygeri used, and Ms is the molecular weight 
of the solid material. 

Combining equations ( 16) ,  ( 1 7) ,  and ( 1 8) gives 

Rs = (0.664)FMs (D/L) (Pfa/RT) Re 112 ( 1 9) 

The specific burning rate is also given as follows 
in terms of the density of the solid material (Ps) and 
the rate of decrease of specimen thickness (dr/dt): 

Rs = Ps dr/dt 

Assuming temperature pressure, oxygen con
centration, and ambient velocity to be independent 
of time, Rs is constant, and integration of the fore
going gives 

(20) 

The des.ired burning-time equation is obtained 
by replacing Rs in· equation (20) with equation ( 19). 
In making this substitution, it is convenient to ex
press D and Re in terms of temperature and pressure 
as follows: 

(2 1 )  

where V is the relative velocity between the ambient 
gas and the specimen, v is the kinematic viscosity of 
the ambient gas, and the subscript 0 denotes STP con
ditions (0 C and 1 atm). 

The temperature and pressure dependence of 
the relative velocity is not clearly known. If we ex
press V as 
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then values of m ranging from - 1 /2 to 1 and values 
of n ranging from 0 to - 1  are obtained depending 
upon the conditions chosen with regard to: 1 )  the 
size of the specimen, 2) whether the specimen is 
stationary with respect to the combustion chamber 
or suspended in the flow, 3) the extent to which the 
suspended specimen interacts with other specimens, 
and 4) the fractions of the time that the suspended 
plate is oriented parallel with and perpendicular to 
the main flow. Since the answers to these questions 
are now tenuous, the velocity of the ambient gas 
relative to the specimen will be treated as though it 
is the average linear flow rate through the chamber. 
Hence , 

(23) 

Since this equation is not necessarily correct, it should 
be remembered that the burning-time equation result
ing from this analysis may not reveal the actual influ
ence of pressure and temperature on burning time. 

Substituting equations (2 1 )  to (23) into equa
tion (20) gives 

Flat plate ; mass-transfer control: 

where 

and do is the initial thickness of the plate . 
For combustion in air, K4 = 3 . 1 9  X 1 04 sq cm

sec 112 /g-mole . The value of K3 depends upon the 
material being burned. For example , if the products 
of combustion of aluminum, carbon , and iron are 
Al2 03" C02 , and Fe3 04 , then the following values 
of K3 are found. Aluminum combustion : K3 = 0.0752 
g-moles/cc; carbon combustion : K3 = 0. 1 29 g-moles/ 
cc; and iron combustion : K3 = 0 . 105 g-moles/cc. 

SPHERE: MASS-TRANSFER CONTROL LED 

BURNING RATE 

The sphere is assumed to burn uniformly over 
its surface , and the ambient gas is assumed to remain 
constant with respect to temperature, pressure, oxy
gen concentration , and velocity relative to the burn
ing specimen. The following analysis is very similar 
to that performed in the foregoing for flat plates, ex
cept that Re changes during burnout for the case of 
spheres. 

Assuming that Schmidt number is unity, the 
mass-transfer coefficient for a sphere may be written 
[ 1 2] 



kf : (DP/RTr) [ 1  + 0.276ReI /2 ]  

where r is the radius o f  the sphere a t  any time t .  
Using this equation and equating the rate o f  oxygen 
transport to the surface of the sphere to the equiva
lent rate of decrease of the sphere radius, we have 

-Ps dr/dt : (DP/RTr) 

[ 1  + .276RebI2 (r/ro)1/2 (To/T)1/2 ]  faFMs 

where Re has been expressed in terms of its initial, 
STP value with velocity assumed to be V :  Vo(T/To) 
(p o/P). This equation is arranged for integration in 
the following manner :  

(tb)m.t. 0 (DPfa/RTK3 ) f dt : f [r/(1 + zrI/2 )] dr 
o r o  

where z :  0,276 (Reo To/ro T) 1/2 , ro is the initial 
sphere radius and (tb)m . t. is the burning time under 
mass-transfer controlled conditions. The substitu
tion zr 1 /2: y-1 allows this equation to be integrated 
to give 

Sphere ; mass-transfer control: 
(tb)m .t . : [KI K2 K3(To/T)1 /2 (1 /fa)] d� (25) 

where do is the initial sphere diameter and 

KI : RTo/8DoPo 

K2 : [(4/3)U3 -2U2 + 4U-41n (1 +U)] /U4 

U :  0.276ReoIl2(To/T)1/2 

K3 : ps/FMs 

The value of KI is 1 .273 X 1 04 cm-sec/g-mole 
for combustion in air. The value of K2 is unity for 
the case of no convection (i.e . ,  for V :  0), and de
creases as Reo increases. For values of Reo greater 
than about 1 500, K2 becomes inversely proportional 
to Re�l2 , so that burning time becomes proportional 
to d�2 and inversely proportional to V 1I2 . The 
stoichiometric constant K3 is evaluated in the analysis 
of flat-plate combustion . 

CHEMICALLY CONTROL LED BURNING OF 

CARBON: SPHERES AND F LAT PLATES 

Combustion is assumed to occur only on the 
outer surface of specimens, thus neglecting reaction 
in pores. Assuming that oxygen concentration and 
temperature are constant, the specific burning rate, 
Rs, is also constant, and the burning time of a 
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spherical or flat-plate specimen is obtained by in
tegrating the equation Rs : -Pedr/dt , where Pc is 
is the density of carbon, and r is either the sphere 
radius or the plate half-thickness . The burning time 
under conditions of chemical rate control is found 
to be 

From the chemistry of the carbon-oxygen reaction, 
Rs is given as follows : 

Adsorption control: 

Rs :  Me11 faP(1 /27TMoRT)tllexp (-E I /RT) 
Desorption control: 

Rs : MeAz exp (-E2 /RT) 

where EI and E2 are the activation energies for 
oxygen adsorption on carbon and desorpt"ion of car
bon oxides (assumed to be solely CO2 ), Me and Mo 
are the molecular weights of carbon and oxygen, 
11 is the steric factor of the adsorption process, and 
A2 is the frequency factor of the desorption process. 
Substitution of these expressions into equation (26) 
gives the following results: 

Carbon sphere or flat plate ; adsorption control: 

(tb)a : Ks (Po/P) ( l /fa) [ 1 /(To/T)1/2 exp(-EI RT)] do 
(27) 

Carbon sphere or flat plate ; desorption control: 

(28) 

where 

Ks : Pc (27TMoRT 0)1/2 /2Me11P 0 and K6 : Pe/2MeA2 
The following quantities, obtained by fitting the 

foregoing chemical model to the data of Tu, David, 
and Hottel [ 1 5 ]  , permit calculation of burning times: 

EI : 3 .4 kcal/g-mole 

E2 : 40 kcal/g-mole 

Ks : 19.9 sec/cm 

K6 : 7 .38 X lO-s sec/cm 
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